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An Approximate Thermal Analysis of Stirling Engine Regenerators

This paper approximates the transport phenomena in a Stirling engine regenerator to aid its
practical design. The mass flow rates are simplified by a square-wave function and the pressure
variations, by a saw-tooth function with a phase difference. Approximate analytical solutions
obtained in this study agree well with the available numerical solutions. Using the approximate
solutions of the transport phenomena the entropy generation rates in a regenerator are analyti-
cally formulated and calculated, which come from axial conduction loss, imperfect heat regener-
ation, and pressure drop due to fluid friction. The geometry of the minimum entropy generation
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rate can represent the optimal design parameters of the regenerator.

Key Words : Stirling Engine Regenerator, Entropy Generation, Axial Conduction Loss,
Imperfect Heat Regeneration, Pressure Drop
k . Thermal conductivity
Nomenclature K . Permeability
a . Heat transfer area per unit volume K . Proportionality factor for A,
Az A, . Defined in appendix L : Regenerator length
B., B, : Defined in appendix M : Working gas mole number
C : Inertia coefficient n . Exponent for A,
C..C, : Defined in appendix P : Pressure
Cr . Gas specific heat at constant pressure P, : Defined in Eq. (41)
Cs . Solid specific heat P . Dimensionless pressure
C. : Coefficient for h, q . Conduction heat flux
Cv . Gas specific heat at constant volume R : Gas constant
Cio»Ci» . Defined in Eq. (13) Re, . Hydraulic Reynolds number
d : Wire diameter Rer : Reynolds number defined in Eq. (41)
ds, : Mesh hydraulic diameter 487 : Entropy generation per unit area per
D . Regenerator diameter cycle
D..D, : Defined in appendix A4S wowe . Molar entropy generation rate
e . Internal energy t > Time
E..E, : Defined in appendix T . Temperature
G . Dimensionless mass flux U . Gas velocity
G : Mass flux w . Dimensionless axial distance
Gn : Mean value of mass flux x . Axial distance
h : Enthalpy 5 . Matrix porosity
h: . Heat transfer coefficient & : Shape factor
- * Department of Mechanical Engineering, Hong-Ik 7 : Spec1f.'10 heat ratio
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0 . Density

T : Time span of a full cycle

ia . Time phase angle between pressure and
mass flux

Superscripts

. per unit time

”

. per unit area

Subscripts

0 cat x =0

a : for intervals ] and III
b : for intervals [] and [V
C : Conductive

e . Effective

f . Working gas

h . Hydraulic

H : Maximum in P

L cat x=1 or minimum in P
P . Hydraulic friction

$ . Solid matrix

T . Heat exchange

1. Introduction

A Stirling cycle engine is a mechanical device
that operates on a regenerative thermodynamic
cycle, with cyclic compression and expansion of
the working fluid at different temperature levels.
It covers machines capable of operating a prime
mover, heat pump, refrigerating engine, etc. (Wal-
ker, 1980). A regenerator interconnecting the high
and low temperature parts in the system is used to
increase the system thermal efficiency, receiving
the energy from the working gas flowing from the
high temperature part to the low temperature part
and returning the stored energy to the working
gas returning from the low temperture part to the
high temperture part. In addition, its periodic
operation makes the system relatively insensitive
to plugging by condensible impurities(Acker-
mann and Gifford, 1969 ;Sahoo and Sarangi,
1988).

The role of the regenerator is simple and its
structure is compact. It, however, is a large
amount of work to analyze the internal transport
phenomena exactly and to utilize the analysis in

designing the regenerator, since the temperature,
pressure, and flow vary significantly during the
operation. The object of this study is, therefore, to
simplify the phenomena, to obtain their analytical
solutions based on the first-law analysis and the
entropy generation rates based on the second-law
analysis, and to find the optimal geometric condi-
tions under which the entropy generation rate is
minimum.

These cyclically varying phenomena were anal-
yzed by Rea and Smith(1967) with the simplifica-
tion of stepwise mass flux and saw-tooth pressure
variations in phase. Qvale and Smith(1968) der-
ived an approximate closed-form solution for the
thermal performance of a Stirling-engine regener-
ator for sinusoidal mass flow rate and pressure
variations with a phase difference relative to mass
flux, using the temperature distribution assumed
by a quadratic polynomial. Modest and Tien
(1973, 1974) considered the effects of real gas
behavior, solid matrix conduction, and finite
matrix heat capacity, showing that the gas-
conduction effects are negligible but the solid-
matrix conduction can be significant. Using the
finite element method, Datta(1985) conducted a
dynamic analysis of a Stirling engine regenerator
with a phase angle 90°. Gedeon(1985) took a first
step to develop a mathematical model for
multidimensional gas flow in the system. Harris et
al.(1970) discussed the design method of a
regenerator through the decoupling of the irrever-
sibilities based on the first law of ther-
modynamics. Chen et al.(1984) applied the linear
harmonic analysis to obtain a semi-closed-form
solution to the governing equations and used the
second-law analysis to provide a rational method
for allocating overall efficiency losses to different
loss mechanisms. Kuo(1989) numerically calcu-
lated the transport phenomena including the ther-
mal dispersion effect of the working gas and also
suggested the optimal designing method based on
the second law of thermadynamics. Since numeri-
cal approaches are more or less involved, a simple
analytical results are often demanded in a practi-
cal design. Therefore, the object of this research is
to obtain simple analytical results of the phenom-
ena and to do an analysis based on the second
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law of thermodynamics.

In the present paper the mass flow rates are
simplified by a square-wave function and the
pressure variations, by a saw-tooth function with
a phase difference to mass flux. While the govern-
ing equations are simplified based on the previous
work done by Rea and Smith(1967), the solutions
are approximated algebraically and compared
with the numerical solutions which were in good
agreement with the experimental measurements
(Rea and Smith, 1967). Using the approximate
solutions of the transport phenomena the entropy
generation rates in a regenerator are analytically
obtained, which are due to axial conduction loss,
imperfect heat regeneration, and pressure drop
due to fluid friction. The geometrical conditions
such as aspect ratio, porosity, mesh size, etc.,
giving the minimum entropy generation rate can
represent the optimal design parameters of the
regenerator with respect to irreversibilities. In
addition, the entropy generation rates of three
common working gases : hydrogen, helium, and
air under the same working condition are calcu-
lated to compare their physical characteristics.

2. First-Law Analysis

2.1 Governing equations

Figure 1(a) shows the schematic diagram for a
regenerator of diameter 1), length [, and end
temperatures 7, and 7, which is packed with
porosity & by woven screens of stainless-steel-wire
diameter 4. In Fig. 1(b) the mass flux at x=0,
G,, of the working gas varies stepwise and the
system pressure P does in a saw-tooth shape with
a time difference 7;, in which the period is 7.

The governing equations of the transport phe-
nomena in a regenerator can be derived by con-
sidering the conservations of mass, momentum,
and energy over a differential control volume.
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Fig. 1 (a) Schematic of a regenerator
(b) Cyclic variations of pressure and mass
flux at x =¢ with a time-phase difference
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where the permeability and inertia coefficient can
be written (Tanaka and Chisaka, 1988) as

_ . 32&7d” - _ 1640 —¢)
K=q7 g0 _—of ™ C=5aq > ©

Here, the shape factor ¢ is 4 for columns(wire

netting), 6.9 for triangular prism(sponge metal),
and 6 for spheres. The heat transfer coefficient };,
and specific surface area ¢ can be expressed, re-
spectively, as

(7

p,— CRREEPYS
d,

- 1€
d.’
where d, is the hydraulic diameter of the matrix,

_ 4ded
H(1—¢)
C, and the exponent y are 0.33 and 0.67, respec-
tively, although they can vary (Ergun, 1952 ; Rea
and Smith, 1967).

Boundary conditions for Egs. (1),(3) and (5) are

given as d,=

In this study, the constant

G:GO(t)w
at x:() Ts:Tow
T=T, 0<t<pand (n+n)<t<r)
Ts:TLa
at x= ) 8
at x L[Tf:—"-TL(hétémerz). (8)

2.2 Assumptions and modeling
The assumptions made in Egs. (1)~ (5) are
(1) The process is one-dimensional and thus, the



136 S. H. Park and Y.-S. Lee

radial heat conduction loss to the wall is negli-
gible.
(2) The working gas behaves like a perfect gas.
(3) Axial conduction heat transfer is negligible in
the first law analysis.
(4) Thermophysical properties of the working
gas and solid matrix are constant.

L T/2
(5) Since [%dx < O%Itidt, the pressure drop
in the regenerator is neglected in the first law
analysis and thus the terms on the right hand side
of Eq. (2) disappear.

ince L Lr— T4l oP/T,) . dP/dt
(6) Since T < 1, FE
(7) The directions of the flow inside the regener-
ator vary simultaneously with those of the flow at

x=0.
Under the cyclic-steady operation, the follow-
ing conditions are maintained at any position x.

f Gdt =0, 9)
%dt =0, (10)

aTs _ hta _ _
fosC:%Lear = {11, 1)ar=0, (1)

fGdet:const. (12)

The cyclic integral § can be subdivided into four
time-interval integrals such as f¢! (period )
+ 3 (1) + /557 (D) +J%2er (IV), Based
on the assumption (7) Egs.(11) and (12) are
approximated as

Tfl + TflII =2Tsa,
T+ Trav=2Ts,
G ( TfIII - Tfl) = C1a,

G(TfII_TfIV):Clb; (13)

where the subscripts @ and b represent the pairs
of intervals I and [II and intervals II and IV,
respectively.

For intervals (1) and (II[), the governing
equations become

C,|dP|_

Cr g GT)— R (r,— 1,) + Lo AP,
(149
- de—(_ix(GTfm)_h—;a( Ts— Tﬂu)‘“%’z—f =0,

(15)

dG ___1 |dP| (16)

dx ~  RT.| dt'

and are simplified by subtracting Eq. (15) from
Eq. (14) and with Egs. (13) and (16) as

G'dea_ hdllez_ 1 | dP|: , (17)
dx 2¢C,G  Cpl dtl
dG _ 1 |dP| (18)

dx  RT.l dtr
For intervals (II) and (IV), the governing equa-
tions are simplified through the same procedure
as above and the resulting equations are

S dTso hgaC1?+ 1 'dP|—_—0, (19)

G dx 2¢C,G  Col dt |
dG _ 1 |dP| (20)
dx RT.l dt!

To solve the simplified equations the three bound-
ary conditions (8) are required because (), or
C,, is still unknown and must be determined
from a boundary condition.

2.3 Nondimensionalization and approximate

solutions

To solve Egs. (17)~(20) the following non-

dimensional variables are introduced
dP

T. oG ,_ "Jt“x
T, G’ G.RT,’
Also, the convection heat transfer coefficient is
correlated as h,= K,G” where K,=0.33 &k, Re:?

Pr%/d,, Now, the governing equations become

0= (21

w

for intervals ( | and II)

dﬁ _ n-1 Z_l
G—dw =CoaG" '+ y (22)

dG _
dw =L (23)

for intervals(II and [V)

de — n—-1__ _1
G-gg = CooG —Ly ) (24)

dG _
05=1. (25)
— (}’_l)KhaC a

. | dP
2veGo di

(Z—I)Khan

. | dP
2veG, di

Boundary conditions become

where C,, and

Coo=
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at w=0: G=1, =1,

dP|,
at w=wna=281" 9Tt _p (26)
max GoRTo. To Le

Assuming that pressure and mass flux varia-
tions are in phase, Rea and smith(1967) obtained
Egs. (24) and (25). They solved numerically and
showed the results graphically for various C,,.
However, the numerical solutions are difficult to
use furthermore. In this study, therefore, analyti-
cal solutions for temperature and mass flux are
obtained approximately for the easy application
of the analysis to the practical design of the
regenerators.

In Egs. (22) and (24), G""! is approximated by
its mean value GJ"!, where G, is assumed as
[1+ G(wnax)]/2 for intervals (1) and ([II) and
as 2/[1+1/ G(wnax)] for intervals (II) and (IV),
which result in a favorable approximation to the
numerical solutions. Then, addition of Egs. (22)
to (23) and integration of the resulting equation

give
G =(Ciaw+1)"cia, 27
Q:Aa( C4aw+1)3a+ Ca( C4aw+1)Da+Eaa (28)

for intervals ( [ ) and (I[]) and following the same
procedure as above gives

G =(Ciw+1)"Ti5, (29)
8=A,(Cow+1)*+ Co(Cyrw+ 1)+ E,, (30)
for intervals (II) and (JV), where Cio= CouGr™!
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3 Comparison of approximate solutions with
numerical simulation results for the mass flux
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Fig. 5 Comparison of approximate solutions with
numerical simulation results for the mass flux
distribution in the intervals I and [V



138 S. H. Park and Y.-S. Lee

—1/y and Ci,y=C,o,Gr'+1/y and other con-
stants are shown in the appendix. The constants
C,. and C,, can be obtained by the boundary
condition g, = @(wma.)- They, however, cannot
be explicitly expressed and thus, are shown graph-
ically in Figs. 2 and 4. In Figs. 2~ 5 the approxi-
mate analytic solutions are compared with the
numerical solutions, which are solved by the
Runge-Kutta method and are in good agreement
with the experimental results (Rea and Smith,
1967), and result in errors less than three percents.
Therefore, the approximate solutions will be used

oT.

eth dt+][ke

to formulate and to calculate the regenerator
effectiveness and the entropy generation rates
through the second-law thermodynamic analysis.
2.4 Regenerator effectiveness.
The ineffectiveness of thermal regenerator is
defined as (Kays and London, 1964 ; Modest and
Tien, 1973)

cyclic total losses 31)

1=7= cyclic ideal heat exchange’

where 7 is the thermal effectiveness. Equation
(31) can be written mathematically as

Sdt

1—n=-

where intervals ( 1) and (IV) are the hot gas flow
ones and intervals (II) and (][]) are the cold gas
flow ones. The numerator of Eq. (32) is constant
over the entire length of the regenerator (Modest
and Tien, 1973), if the conduction term is consid-
ered in the energy equations. The last term in the

. N L
df Glhdtlo [  1GIhdtle — [ oe dx

—nCrCia—1CsCis) +201G0at+21240s

ox . (32)

=rl

t
t=trl+12

denominator describes the difference of internal
energy of the gas in the regenerator at the ends of
hot gas and cold gas blow intervals. Using the
appoximate solutions Eq. (32) can be simplified
as

1—7= : : ; : T : (33)
€[Z'1Cp( GoTo* GLaTL)+ Tsz( Gon‘ GLbTL)—?_‘T(Prl“PrI+r2)]
where effective conductivety is ke:k{(ks/kf) oo = — Col Cop— 7—1)’ (35)
(1-90:5 (Chang, 1990). Here, conduction heat 4
fluxes at x=() are dP
here C # ] igure 6 shows the f
— where =———— Figure 6 shows the eflec-
e — Col Coa+ L), (34) =GR " °®
tiveness with regenerator lengths for the Ford
4-215 Stirling engine (Urielli and Berchowitz,
10 1984). Smaller the mesh size is, higher the effec-
20 tiveness is, since the heat transfer area g between
= % the fluid and the solid matrix is reciprocally
§ 0.9} 100 _ proprotional to the mesh size 4.
z
= d [um} = 200 ) 3. Second-Law Analysis
(5)
w 08L 4
i 3.1 Entropy generation.
1 Because the ineffectiveness defined by Eq. (33)
0.7 . . , fails to consider the hydraulic friction loss and
0.00 0.02 0.04 0.06 0.08 thus, it does not indicate a certain optimal geo-
REGENERATOR LENGTH [m] metric conditions, it is an insufficient measure of
Fig. 6 Regenerator effectiveness for various mesh regenerator performance. A second-law analysis

sizes

can supply a better measure from which a Stirling
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engine design can minimize any source of irrever-
sibility or entropy generation. Entropy generation
per cycle per unit area in the regenerator (Bejan,
1982) can be calculated from

AS”:[ feGColn(TVdt~ feGRIn(P)dt

*fhael -

— eGRIn(P)dt + fi%}dt} PED)

x=U

UsGC,,ln( 7)dt

where ¢ is the conduction heat flux which con-
sists of both the gas conduction and soild matrix
conduction.

3.2 Simplification.

Equation (36) can be simplified as follows. The
terms including /»( T) are reduced to
CpCia . 2CpCis

T T °

(37)

with the approximation In(1+8)=§ for § € 1.
Thus, entropy generation due to imperfect heat
exchange is

f GColn(T)dt = —1

487 =eCy Crars + clbzz)(w}g——};). (38)

Entropy generation due to conduction heat trans-
fer at x=0 and L is approximated as

- dLaZ'z _
L

48y —o[-dLets

Qo:zﬁ’*‘ QObrz
7 2] (39)

Pressure drop across the bed, which was neglected
in the first law analysis but must be considered in
the second law analysis, can be obtained from the
momentum Eq. (2) using the non-Darcian model.
Through nondimensionalization, it becomes

dP? _

—d—u?— - Gﬁ—Reszﬁ, (40)
where
p_ P p_cprn [ 2ue
P_Po’ P,=GoRT, X| dP|’
and Rep=m05§°K : @

By integrating Eq. (40) and with the approxima-

tion P?— P:=2PAP
for intervals (1) and ([II) 4P,= gg‘l
for intervals (II) and (IV) AP,= ~%& (42)

where
AP;=(C, e w’"“" A W) + zc}ffil
(Caatonax+ 1) i =5 B0 (43)
and
APi=(C 5% + )+ e
(Cutonar+1)* e — 5 Ber . (4a)

Entropy generation due to hydraulic friction can
be approximated as

AS;=—¢[ f GRé’Pﬂdt lemo

+ [ erAL

EG()R
2

dt|-.], (45)

and thus

485=

[APa( Ga( w”zax)j = dt

1 7 1
+ GOL_” L av+ 4P Gf Lat

T2-71
+ Gb( w”zax)‘/o. ’%‘Edt)]a (46)
where
vl o T 1_
S, prat= 5Py Py 20(P,—P)
T
1
— - — 47
o 2Py P “n
T

Therefore, the molar entropy generation rate in
the regenerator is

xD*48”

ASMole 4TM

(48)
where )M is the mole number of the working fluid
entering at x=0 and 48" =487+ .48¢+ 4S7.

3.3 Results and discussion.

The physical model in calculating entropy
generation rates comes from the Ford 4-215 en-
gine whose working gas is hydrogen (Urieli and
Berchowitz, 1984). Its geometric conditions and
physical variables used in this study are shown in
Table 1. Solid matrix properties are based on
stainless steel and gas properties are on the alge-
braic mean temperature of high and low temper-
ature parts.
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Table 1 Parameters used in the calculation of
regenerator effectiveness and entropy gener-

ation rates.
d 36 mm P, 20 MPa
D 73 mm T 1023 K
Frequency 4000 rpm | T, 337 K
L 34 mm working gas H,
M 0.2 mole & 0.62
P 1l MPa s} /2

Figures 7 (a)~(c) show the entropy generation
rates ASvow» AS7, AS. and A4S, with regener-
ator lengths for the time-phase difference 7,=0,
r/4, and /2. Irreversibility due to hydraulic
friction, 48,, increases with lengths as expected
in Eq. (42). Its slope for ;=1r/2 in Fig. 7(c) is
not as steep as that for ;=0 in Fig. 7(a), because
the gas is compressed during the hot gas blowing
and is expanded during the cold gas blowing and
thus, the mass flux reduces along the regenerator
for the case of =r/2. Irreversibility due to
imperfect heat exchange, 4S,, decreases, since
Coa.» and (i, , decrease with lengths. That due to
conduction heat transfer at both ends of the
regenerator, 48, decreases monotonously for 7
=( in Fig. 7(a). For ,=1¢/2 in Fig. 7(c), how-
ever, it decreases once and increase significantly,
since the conduction loss at x=/1, ¢, in Eq.
(39) increases significantly for negative C,, with
lengths as indicated in Fig. 2, while the loss at x
=(), ¢oq decreases. For interval ( ) under the
subscript ‘a’ the system pressure increases during
the hot gas blowing. Thus, the gas inside the
regenerator is compressed, less amount of gas
exits the regenerator, and the inside temperature
becomes higher. To satisfy the temperature boun-
dary condition at x =] the slope there becomes
steeper, though it becomes less steep if heat con-
duction terms were included in energy equations.
The effect of inertia drag expressed by C in Eq.
(2) can be emphasized by comparing the solid
line and the symbolic line in Fig. 7(b). The total
entropy generation rate 4S,,;. locates its
minimum near 0.04 j; which tells the optimal
length of the regenerator. Although the differ-

20

10 - V¢

ENTROPY GENERATION RATE
g

0 X 1
0.00 0.02 0.04 0.06 0.08
REGENERATOR LENGTH [m]

(a)

o O somenia drag

0.00 0.02 0.04 0.06 0.08
REGENERATOR LENGTH [m]

ENTROPY GENERATION RATE

ENTROPY GENERATION RATE

0900 0.02 0.04 0.06 0.08
REGENERATOR LENGTH [m]
(c)

Fig. 7 (a) Entropy generation rates with lengths for
n=0

(b) Entropy generation rates with lengths for
n—= Z'/4

(c) Entropy generation rates with lengths for
n=r1/2
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ences of A48, between ;=0 and /2 are not
negligible, the influence of the phase difference
cannot be related to the regenerator design direct-
ly, since the phase difference is determined mainly
by the total mechanism of the Stirling engine, not
by the regenerator itself.

The variation of 48 .. With aspect ratio 1./])
for the dead volume of the Ford 4-215 engine is
indicated in Fig. 8 for various mesh sizes and in
Fig. 9 for three working gases. In Fig. 8 JSwos
decreases once and increases for small 4, and 1t
decreases slower for large 4 and is expected to
increase for large values of 1./D. Here, the veloc-
ity increase with [/[) and thus, the irreversibility
due to heat transfer decreases with /) which
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Fig. 8 Entropy generation rates with aspect ratios
for various mesh sizes
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Fig. 9 Entropy generation rates with aspect ratios
for different gases

describes the early decrease of 4Syo.. While that
from pressure drop increases which results in the
later increase of A4S oz

Figures 9~11 show 48 for three kinds of
gases commonly used in the Stirling system : air,
hydrogen, and helium. For smaller heat exchange
area between the working gas and the solid
matrix, helium is the best due to its high conduc-
tivity ; on the other hand, for larger contact area
hydrogen is the best due to its lower viscosity.
However, the differences of minimum irrever-
sibilities between helium and hydrogen are not
great as shown in the figures. In addition, they
also indicate that the change of entropy genera-
tion near the minimum is small compared to the
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&
o 5 i
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o ® 100
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Fig. 10 Entropy generation rates with porosities for
different mesh sizes and gases
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REGENERATOR LENGTH [m]

Fig. 11 Entropy generation rates with lengths for
different mesh sizes and gases
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span of independent variables. Therefore, we can
have large flexibility in designing the regenerator.
In Figs. 8, 10~11 symbolic lines depict A8 yow
for larger mesh sizes than that of the Ford engine.
It can be noticed that even for larger mesh sizes
we can have low 480, comparable to those for
smaller sizes, though the optimal conditions move
to increase the heat exchange area considerably.

4. Conclusion

Appoximate analytic solutions are obtained
which are in good agreement with the numerical
solutions for a saw-tooth-type pressure variation
and a square-wave-type mass flow variation with
a phase. The resulting solutions are used to ana-
lytically express the regenerator ineffectiveness
and entropy generation rates.

The second law analysis identifies three sources
of irreversibility such as the imperfect heat ex-
change, heat conduction loss at both ends, and
hydraulic friction which is described by the non-
Darcian momentum equation. The resulting
entropy generation charts are extremely useful for
the optimal design of a regenerator. Finally, futur-
e study is recommended on the effect of lateral
heat transfer to the regenerator housing.
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Appendix

The constants for the approximate solutions in
Egs. (27)~(30) are
_ Coa

C4a - (n—z) ’

—1_n-2
B.=1 co
C :Ll 1

@ - 7 C4a+1 ’

Aq

D=1+
=1—Au— Ca,
A=ty
B.~1+22,
R ey
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